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The Feynman, Metropolis and Teller treatment of compressed atoms is extended to the relativistic
regimes. Each atomic configuration is confined by a Wigner-Seitz cell and is characterized by a
positive electron Fermi energy. The non-relativistic treatment assumes a point-like nucleus and
infinite values of the electron Fermi energy can be attained. In the relativistic treatment there
exists a limiting configuration, reached when the Wigner-Seitz cell radius equals the radius of the
nucleus, with a maximum value of the electron Fermi energy (EFe )max, here expressed analytically in
the ultra-relativistic approximation. The corrections given by the relativistic Thomas-Fermi-Dirac
exchange term are also evaluated and shown to be generally small and negligible in the relativistic
high density regime. The dependence of the relativistic electron Fermi energies by compression for
selected nuclei are compared and contrasted to the non-relativistic ones and to the ones obtained in
the uniform approximation. The relativistic Feynman, Metropolis, Teller approach here presented
overcomes some difficulties in the Salpeter approximation generally adopted for compressed matter
in physics and astrophysics. The treatment is then extrapolated to compressed nuclear matter
cores of stellar dimensions with A ≃ (mPlanck/mn)
3
∼ 1057 or Mcore ∼ M⊙. A new family of
equilibrium configurations exists for selected values of the electron Fermi energy varying in the
range 0 < EFe ≤ (E
F
e )max. Such configurations fulfill global but not local charge neutrality. They
have electric fields on the core surface, increasing for decreasing values of the electron Fermi energy
reaching values much larger than the critical value Ec = m
2
ec
3/(e~), for EFe = 0. We compare and
contrast our results with the ones of Thomas-Fermi model in strange stars.
PACS numbers: 31.15.bt, 71.10.Ca, 26.60.Dd
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I. INTRODUCTION
In a classic article Baym, Bethe and Pethick [1] presented the problem of matching, in a neutron star, a liquid
core, composed of Nn neutrons, Np protons and Ne electrons, to the crust taking into account the electrodynamical
and surface tension effects. After discussing the different aspects of the problem they concluded: The details of this
picture requires further elaboration; this is a situation for which the Thomas-Fermi method is useful. This statement,
in first instance, may appear surprising: the Thomas-Fermi model has been extensively applied in atomic physics
(see e.g Gomba´s [2], March [3], Lundqvist and March [4]), also has been applied extensively in atomic physics in its
relativistic form (see e.g Ferreirinho, Ruffini and Stella [5], Ruffini and Stella [6]) as well as in the study of atoms with
heavy nuclei in the classic works of Migdal, Popov and Voskresenskii [7, 8]. Similarly there have been considerations
of relativistic Thomas-Fermi model for quark stars pointing out the existence of critical electric fields on their surfaces
(see e.g. Alcock, Farhi, Olinto [9], Usov [10]). Similar results have also been obtained by Alford et al. [11] in the
transition at very high densities, from the normal nuclear matter phase in the core to the color-flavor-locked phase of
quark matter in the inner core of hybrid stars. No example exists to the application of the electromagnetic Thomas-
Fermi model for neutron stars. This problem can indeed be approached with merit by studying the simplified but
rigorous concept of a nuclear matter core of stellar dimensions which fulfills the relativistic Thomas-Fermi equation
as discussed in [12, 13]. As we will see this work leads to the prediction of the existence of a critical electric field at
the interface between the core and the crust of a neutron star.
In [12, 13] we have first generalized the treatment of heavy nuclei by enforcing self-consistently the condition of beta
equilibrium in the relativistic Thomas-Fermi equation. Using then the existence of scaling laws we have extended the
results from heavy nuclei to the case of nuclear matter cores of stellar dimensions. In both these treatments we had
∗Electronic address: ruffini@icra.it
2there assumed the Fermi energy of the electrons EFe = 0. The aim of this article is to proceed with this dual approach
and to consider first the case of compressed atoms and then, using the existence of scaling laws, the compressed
nuclear matter cores of stellar dimensions with a positive value of their electron Fermi energies.
It is well known that Salpeter has been among the first to study the behavior of matter under extremely high
pressures by considering a Wigner-Seitz cell of radius RWS [14]. Salpeter assumed as a starting point the nucleus
point-like and a uniform distribution of electrons within a Wigner-Seitz cell. He then considered corrections to the
above model due to the inhomogeneity of electron distribution. The first correction corresponds to the inclusion of
the lattice energy EC = −(9N2pα)/(10RWS), which results from the point-like nucleus-electron interaction and, from
the electron-electron interaction inside the cell of radius RWS . The second correction is given by a series-expansion
of the electron Fermi energy about the average electron density ne given by the uniform approximation. The electron
density is then assumed equals to ne[1 + ǫ(r)] with ǫ(r) considered as infinitesimal. The Coulomb potential energy
is assumed to be the one of the point-like nucleus with the uniform distribution of electrons of density ne thus
the correction given by ǫ(r) is neglected on the Coulomb potential. The electron distribution is then calculated at
first-order by expanding the relativistic electron kinetic energy about its value given by the uniform approximation
considering as infinitesimal the ratio eV/EFe between the Coulomb potential energy eV and the electron Fermi energy
EFe =
√
[cPFe (r)]
2 +m2ec
4 −mec2 − eV . The inclusion of each additional Coulomb correction results in a decreasing
of the pressure of the cell PS by comparison to the uniform one (see [15] for details).
It is quite difficult to assess the self-consistency of all the recalled different approximations adopted by Salpeter.
In order to validate and also to see the possible limits of the Salpeter approach, we consider the relativistic gener-
alization of the Feynman, Metropolis, Teller treatment [16] which takes automatically and globally into account all
electromagnetic and special relativistic contributions. We show explicitly how this new treatment leads in the case of
atoms to electron distributions markedly different from the ones often adopted in the literature of constant electron
density distributions. At the same time it allows to overcome some of the difficulties in current treatments.
Similarly the point-like description of the nucleus often adopted in literature is confirmed to be unacceptable in the
framework of a relativistic treatment.
In Sec. II we first recall the non-relativistic treatment of the compressed atom by Feynman, Metropolis and Teller. In
Sec. III we generalize that treatment to the relativistic regime by integrating the relativistic Thomas-Fermi equation,
imposing also the condition of beta equilibrium. In Sec. IV we first compare the new treatment with the one
corresponding to a uniform electron distribution often used in the literature and to the Salpeter treatment. We also
compare and contrast the results of the relativistic and the non-relativistic treatment.
We then proceed to analyze the case of compressed nuclear matter cores of stellar dimensions.
In Sec. V, using the same scaling laws adopted in [12, 13] we turn to the case of nuclear matter cores of stellar
dimensions with mass numbers A ≈ (mPlanck/mn)3 ∼ 1057 or Mcore ∼ M⊙ where mn is the neutron mass and
mPlanck = (~c/G)
1/2 is the Planck mass. Such a configuration present global but not local charge neutrality. Analytic
solutions for the ultra-relativistic limit are obtained. In particular we find:
1) explicit analytic expressions for the electrostatic field and the Coulomb potential energy,
2) an entire range of possible Fermi energy for the electrons between zero and a maximum value (EFe )max, reached
when RWS = Rc, which can be expressed analytically,
3) the explicit analytic expression of the ratio between the proton number Np and the mass number A when
RWS = Rc.
We turn then in Sec. VI to the study of the compressional energy of the nuclear matter cores of stellar dimensions
for selected values of the electron Fermi energy. We show that the solution with EFe = 0 presents the largest value of
the electrodynamical structure.
We finally summarize the conclusions in Sec. VII.
II. THE THOMAS-FERMI MODEL FOR COMPRESSED ATOMS: THE
FEYNMAN-METROPOLIS-TELLER TREATMENT
A. The classical Thomas-Fermi model
The Thomas-Fermi model assumes that the electrons of an atom constitute a fully degenerate gas of fermions
confined in a spherical region by the Coulomb potential of a point-like nucleus of charge +eNp [17, 18]. Feynman,
Metropolis and Teller have shown that this model can be used to derive the equation of state of matter at high
pressures by considering a Thomas-Fermi model confined in a Wigner-Seitz cell of radius RWS [16].
3We recall that the condition of equilibrium of the electrons in an atom, in the non-relativistic limit, is expressed by
(PFe )
2
2me
− eV = EFe , (1)
where me is the electron mass, V is the electrostatic potential and E
F
e is their Fermi energy.
The electrostatic potential fulfills, for r > 0, the Poisson equation
∇2V = 4πene, (2)
where the electron number density ne is related to the Fermi momentum P
F
e by
ne =
(PFe )
3
3π2~3
. (3)
For neutral atoms and ions ne vanishes at the boundary so the electron Fermi energy is, respectively, zero or negative.
In the case of compressed atoms ne does not vanish at the boundary while the Coulomb potential energy eV is zero.
Consequently EFe is positive.
Assuming
eV (r) + EFe = e
2Np
φ(r)
r
, (4)
we obtain the following expression for the electron number density
ne(η) =
Np
4πb3
(
φ(η)
η
)3/2
, (5)
where the new dimensionless radial coordinate η is given by r = bη, where
b = (3π)2/3
~
2
mee2
1
27/3
1
N
1/3
p
. (6)
Eq. (2) can be then written in the form
d2φ(η)
dη2
=
φ(η)3/2
η1/2
, (7)
which is the classic Thomas-Fermi equation [18]. A first boundary condition for this equation follows from the
point-like structure of the nucleus
φ(0) = 1. (8)
A second boundary condition comes from the conservation of the number of electrons Ne =
∫ RWS
0 4πne(r)r
2dr
1− Ne
Np
= φ(η0)− η0φ′(η0), (9)
where η0 = RWS/b defines the radius RWS of the Wigner-Seitz cell. In the case of compressed atoms Ne = Np so the
Coulomb potential energy eV vanishes at the boundary RWS . As a result, using Eqs. (1) and (3), the Fermi energy
of electrons is given by
EFe =
Npe
2
b
φ(η0)
η0
. (10)
Therefore in the classic treatment η0 can approach zero and consequently the range of the possible values of the Fermi
energy extends from zero to infinity.
The results are summarized in Figs. 1 and 2.
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FIG. 1: Physically relevant solutions of the Thomas-Fermi Equation (7) with the boundary conditions (8) and (9). The curve
1 refers to a neutral compressed atom. The curve 2 refers to a neutral free atom. The curve 3 refers to a positive ion. The
dotted straight line is the tangent to the curve 1 at the point (η0, φ(η0)) corresponding to overall charge neutrality (see Eq.
(9)).
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FIG. 2: The electron Fermi energies for iron, in units of the electron mass, are plotted as a function of the dimensionless
compression parameter η0. Points refer to the numerical integrations of the Thomas-Fermi equation (7) performed originally
by Feynman, Metropolis and Teller in [16].
B. The Thomas-Fermi-Dirac model
Dirac has introduced modifications to the original Thomas-Fermi theory to include effects of exchange [19]. In this
case the condition of equilibrium of the electrons in the atom is generalized as follows
(PFe )
2
2me
− eV − α
π
cPFe = E
F
e , (11)
where as usual α = e2/~c denotes the fine structure constant.
The electron number density is now connected to the Coulomb potential energy by
5ne =
1
3π2~3c3
[
α
π
mec
2 +
√(α
π
mec2
)2
+ 2mec2(eV + EFe )
]3
. (12)
Assuming
1
2
(α
π
)2
mec
2 + eV (r) + EFe = e
2Np
φ(r)
r
, (13)
and r = bη, the Poisson equation can be written as
d2φ(η)
dη2
= η
[
d+
(
φ(η)
η
)1/2]3
, (14)
where b is given by Eq.(6) and d = (3/(32π2))1/3(1/Np)
2/3. The boundary condition for Eq. (14) are φ(0) = 1 and
η0φ
′(η0) = φ(η0).
III. THE RELATIVISTIC GENERALIZATION OF THE FEYNMAN-METROPOLIS-TELLER
TREATMENT
A. The relativistic Thomas-Fermi model for atoms
In the relativistic generalization of the Thomas-Fermi equation the point-like approximation of the nucleus must
be abandoned [5, 6] since the relativistic equilibrium condition
EFe =
√
(PFe c)
2 +m2ec
4 −mec2 − eV (r) , (15)
which generalizes the Eq. (1), would lead to a non-integrable expression for the electron density near the origin.
Consequently we adopt an extended nucleus. Traditionally the radius of an extended nucleus is given by the phe-
nomenological relation Rc = r0A
1/3 where A is the number of nucleons and r0 = 1.2× 10−13cm. Further it is possible
to show from the extremization of the semi-empirical Weizsacker mass-formula that the relation between A and Np
is given by
Np =
[
2
A
+
3
200
1
A1/3
]−1
, (16)
which in the limit of small A gives
Np ≈ A
2
. (17)
In [13] we have relaxed, for EFe = 0, the conditionNp ≈ A/2 (adopted, for example, in Migdal, Popov and Voskresenski
[8]) as well as the condition Np = [2/A+3/(200A
1/3)]−1 (adopted for example in Ferreirinho, Ruffini and Stella [5, 6])
imposing explicitly the beta decay equilibrium between neutron, protons and electrons.
In particular, following the previous treatments (see e.g. [13]), we have assumed a constant distribution of protons
confined in a radius Rc defined by
Rc = ∆
~
mpic
N1/3p , (18)
where mpi is the pion mass and ∆ is a parameter such that ∆ ≈ 1 (∆ < 1) corresponds to nuclear (supranuclear)
densities when applied to ordinary nuclei. Consequently, the proton density can be written as
np(r) =
Np
4
3πR
3
c
θ(Rc − r) = 3
4π
m3pic
3
~3
1
∆3
θ(Rc − r), (19)
6where θ(x) is the Heaviside function which by definition is given by
θ(x) =
{
0, x < 0,
1, x > 0.
(20)
The electron density is given by
ne(r) =
(PFe )
3
3π2~3
=
1
3π2~3c3
[
e2V 2(r) + 2mec
2eV (r)
]3/2
, (21)
where V is the Coulomb potential.
The overall Coulomb potential satisfies the Poisson equation
∇2V (r) = −4πe [np(r)− ne(r)] , (22)
with the boundary conditions V (∞) = 0 (due to global charge neutrality) and finiteness of V (0).
By introducing the dimensionless quantities x = r/λpi , xc = Rc/λpi and χ/r = eV (r)/(c~) with λpi = ~/(mpic), and
replacing the particle densities (19) and (26) into the Poisson equation (22) we obtain the relativistic Thomas-Fermi
equation
1
3x
d2χ(x)
dx2
= − α
∆3
θ(xc − x) + 4α
9π
[
χ2(x)
x2
+ 2
me
mpi
χ
x
]3/2
,
(23)
where χ(0) = 0, χ(x∞) = 0. The neutron density nn(r), related to the neutron Fermi momentum P
F
n = (3π
2
~
3nn)
1/3,
is determined, as in the previous case [13], by imposing the condition of beta equilibrium
EFn =
√
(PFn c)
2 +m2nc
4 −mnc2
=
√
(PFp c)
2 +m2pc
4 −mpc2 + eV (r), (24)
which in turn is related to the proton density np and the electron density by Eqs. (21), (22). Integrating numerically
these equations we have obtained a new generalized relation between A and Np for any value of A. In the limit of
small A this result agrees with the phenomenological relations given by Eqs. (16, 17), as is clearly shown in Fig. (3)
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FIG. 3: The A-Np relation at nuclear density (solid line) obtained from first principles compared with the phenomenological
expressions given by Np ≃ A/2 (dashed line) and Eq. (16) (dotted line). The asymptotic value, for A → (mPlanck/mn)
3, is
Np ≈ 0.0046A.
7B. The relativistic Thomas-Fermi model for compressed atoms
We turn now to the case of compressed atoms in which the electron Fermi energy is positive. The relativistic
generalization of the equilibrium condition (1) now reads
EFe =
√
(PFe c)
2 +m2ec
4 −mec2 − eV (r) > 0 , (25)
Adopting an extended-nucleus with a radius given by Eq. (18) and a proton density given by Eq. (19) the Poisson
equation (22), with the following electron density
ne(r) =
(PFe )
3
3π2~3
=
1
3π2~3c3
[
e2Vˆ 2(r) + 2mec
2eVˆ (r)
]3/2
, (26)
can be written as
1
3x
d2χ(x)
dx2
= − α
∆3
θ(xc − x) + 4α
9π
[
χ2(x)
x2
+ 2
me
mpi
χ
x
]3/2
,
(27)
where x = r/λpi , xc = Rc/λpi, χ/r = eVˆ (r)/(c~), λpi = ~/(mpic) and eVˆ = eV + E
F
e . The equation (27) has to be
integrated with the boundary conditions χ(0) = 0, χ(xWS) = xWSχ
′(xWS), xWS = RWS/λpi.
The neutron density nn(r), related to the neutron Fermi momentum P
F
n = (3π
2
~
3nn)
1/3, is determined by imposing
the condition of beta equilibrium
EFn =
√
(PFn c)
2 +m2nc
4 −mnc2
=
√
(PFp c)
2 +m2pc
4 −mpc2 + eV (r) + EFe . (28)
Using this approach, it is then possible to determine the beta equilibrium nuclide as a function of the density of
the system. Infact, as suggested by Hund [20] and Landau [21], when the electron Fermi energy is sufficiently high,
electrons can be absorbed by protons and converted to neutrons in inverse beta decay p + e− → n + νe because
the condition EFn <
√
(PFp c)
2 +m2pc
4 −mpc2 + eV (r) + EFe holds. The condition of equilibrium (28) is crucial, for
example, in the construction of a self-consistent equation of state of high energy density matter present in white
dwarfs and neutron star crusts [15]. In the case of zero electron Fermi energy the generalized A−Np relation of Fig.
(3) is obtained.
C. The relativistic Thomas-Fermi-Dirac model for compressed atoms
We now take into account the exchange corrections to the relativistic Thomas-Fermi equation (27). In this case we
have (see [8] for instance)
EFe =
√
(cPFe )
2 +m2ec
4 −mec2 − eV − α
π
cPFe = constant . (29)
Introducing the function χ(r) as before
EFe + eV = eVˆ = ~c
χ
r
, (30)
we obtain the electron number density
ne =
1
3π2~3c3

γ
(
mec
2 + eVˆ
)
+
[(
eVˆ
)2
+ 2mec
2eVˆ
]1/2 [
(1 + γ2)(mec
2 + eVˆ )2 −m2ec4
(mec2 + eVˆ )2 −m2ec4
]1/2

3
, (31)
where γ = (α/π)/(1 − α2/π2).
8If we take the approximation 1 + γ2 ≈ 1 the above equation becomes
ne =
1
3π2~3c3
{
γ
(
mec
2 + eVˆ
)
+
[(
eVˆ
)2
+ 2mec
2eVˆ
]1/2}3
. (32)
The second term on the right-hand-side of Eq. (32) has the same form of the electron density given by the rela-
tivistic Thomas-Fermi approach without the exchange correction (26) and therefore the first term shows the explicit
contribution of the exchange term to the electron density.
Using the full expression of the electron density given by Eq. (31) we obtain the relativistic Thomas-Fermi-Dirac
equation
1
3x
d2χ(x)
dx2
= − α
∆3
θ(xc − x)
+
4α
9π
{
γ
(
me
mpi
+
χ
x
)
+
[(χ
x
)2
+ 2
me
mpi
χ
x
]1/2 [
(1 + γ2)(me/mpi + χ/x)
2 − (me/mpi)2
(me/mpi + χ/x)2 − (me/mpi)2
]1/2}3
, (33)
which by applying the approximation 1 + γ2 ≈ 1 becomes
1
3x
d2χ(x)
dx2
= − α
∆3
θ(xc − x) + 4α
9π
{
γ
(
me
mpi
+
χ
x
)
+
[(χ
x
)2
+ 2
me
mpi
χ
x
]1/2}3
. (34)
The boundary conditions for Eq. (33) are χ(0) = 0 and χ(xWS) = xWSχ
′(xWS). The neutron density can be
obtained as before by using the beta equilibrium condition (28) with the electron Fermi energy given by Eq. (29).
In Fig. 4 we show the results of the numerical integration of the relativistic Thomas-Fermi equation (27) and of
the relativistic Thomas-Fermi-Dirac equation (33) for helium, carbon and iron. In particular, we show the electron
Fermi energy multiplied by N
−4/3
p as a function of the ratio RWS/Rc between the Wigner-Seitz cell radius RWS and
the nucleus radius Rc given by Eq. (18).
The effects of the exchange term are appreciable only in the low density (low compression) region, i.e. when
RWS >> Rc (see Fig. 4). We can then conclude in total generality that the correction given by the Thomas-Fermi-
Dirac exchange term is, small in the non-relativistic low compression (low density) regime, and negligible in the
relativistic high compression (high density) regime.
IV. COMPARISON AND CONTRAST WITH APPROXIMATE TREATMENTS
There exists in the literature a variety of semi-qualitative approximations adopted in order to describe the electron
component of a compressed atom (see e.g. Bu¨rvenich, Mishustin and Greiner [22] for applications of the uniform
approximation and e.g Chabrier and Potekhin [23], Potekhin, Chabrier and Rogers [24]), Haensel and Zdunik [25],
[26], [28], Douchin and Haensel [27] for applications of the Salpeter approximate treatment).
We shall see how the relativistic treatment of the Thomas-Fermi equation affects the current analysis of compressed
atoms in the literature by introducing qualitative and quantitative differences which deserve attention.
A. Relativistic FMT treatment vs. relativistic uniform approximation
One of the most used approximations in the treatment of the electron distribution in compressed atoms is the one
in which, for a given nuclear charge +eNp, the Wigner-Seitz cell radius RWS is defined by
Np =
4π
3
R3WSne, (35)
where ne = (P
F
e )
3/(3π2~3). The Eq. (35) ensures the global neutrality of the Wigner-Seitz cell of radius RWS
assuming a uniform distribution of electrons inside the cell.
We shall first compare the Feynman-Metropolis-Teller treatment, previously introduced, with the uniform approx-
imation for the electron distribution. In view of the results of the preceding section, hereafter we shall consider the
non-relativistic and the relativistic formulation of the Feynman-Metropolis-Teller treatment with no Thomas-Fermi-
Dirac exchange correction.
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FIG. 4: The electron Fermi energies in units of mpic
2N
4/3
p is plotted for helium, for carbon and for iron, as a function of
the ratio RWS/Rc in the relativistic Feynman-Metropolis-Teller (FMT) treatment with and without the Thomas-Fermi-Dirac
exchange effects. Here RWS denotes the Wigner-Seitz cell radius and Rc is the nucleus radius as given by Eq. (18). It is clear
that the exchange terms are appreciable only in the low density region and are negligible as RWS → Rc
.
In Fig. 5 we have plotted the electron number density obtained from Eq. (26) where the Coulomb potential is
related to the function χ, which is obtained from numerical integration of the relativistic Thomas-Fermi equation
(27) for different compressions for helium and iron. We have normalized the electron density to the average electron
number density n0 = 3Ne/(4πR
3
WS) = 3Np/(4πR
3
WS) as given by Eq. (35).
We can see in Fig. 5 how our treatment, based on the numerical integration of the relativistic Thomas-Fermi
equation (27) and imposing the condition of beta equilibrium (28), leads to electron density distributions markedly
different from the constant electron density approximation.
From Eqs. (25), (35) and taking into account the global neutrality condition of the Wigner-Seitz cell eV (RWS) = 0,
the electron Fermi energy in the uniform approximation can be written as
EFe ≃

−me
mpi
+
√(
me
mpi
)2
+
(
9π
4
)2/3
N
2/3
p
x2WS

mpic2. (36)
We show in Fig. 6 the electron Fermi energy as a function of the average electron density n0 = 3Ne/(4πR
3
WS) =
3Np/(4πR
3
WS) in units of the Bohr density nBohr = 3/(4πR
3
Bohr) where RBohr = ~
2/(e2me) is the Bohr radius. For
selected compositions we show the results for the relativistic Feynman-Metropolis-Teller treatment, based on the
numerical integration of the relativistic Thomas-Fermi equation (27), and for the relativistic uniform approximation.
As clearly shown in Fig. 5 and summarized in Fig. 6 the relativistic treatment leads to results strongly dependent
at low compression from the nuclear composition. The corresponding value of the electron Fermi energy derived from
a uniform approximation overevaluates the true electron Fermi energy (see Fig. 6). In the limit of high compression
the relativistic curves asymptotically approach the uniform one (see also Fig. 5).
The uniform approximation becomes exact in the limit when the electron Fermi energy acquires its maximum value
as given by
(EFe )max ≃

−me
mpi
+
√(
me
mpi
)2
+
(
3π2
2
)2/3 (
Np
A
)2/3mpic2, (37)
which is attained when RWS coincides with the nuclear radius Rc. Here, the maximum electron Fermi energy (37)
is obtained by replacing in Eq. (36) the value of the normalized Wigner-Seitz cell radius xWS = xc = Rc/λpi ≈
[(3/2)π]1/3A1/3, where we have approximated the nuclear density as nnuc ≈ (1/2)λ−3pi .
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FIG. 5: The electron number density ne in units of the average electron number density n0 = 3Ne/(4piR
3
WS) is plotted as a
function of the dimensionless radial coordinate x = r/λpi for the selected compressions xWS = 9.7 (upper panels), xWS = 3×10
3
(middle panels) and xWS = 10
4 (bottom panels), in both the relativistic Feynman, Metropolis, Teller approach and the uniform
approximation respectively for Helium (panels on the left) and Iron (panels on the right).
B. Relativistic FMT treatment vs. Salpeter approximate treatment
Corrections to the uniform distribution were also studied by Salpeter [14] and his approximations are largely applied
in physics (see e.g. Chabrier and Potekhin [23], Potekhin, Chabrier and Rogers [24]) and astrophysics (see e.g. Haensel
and Zdunik [25], [26], [28], Douchin and Haensel [27] ).
Keeping the point-like nucleus assumption, Salpeter [14] studied the corrections to the above models due to the
inhomogeneity of the electron distribution inside the Wigner-Seitz cell. He expressed an analytic formula for the
11
10-8
10-6
10-4
10-2
100
102
104
10-15 10-10 10-5 100 105
E e
F /
m
pi
c2
n0 / nBohr 
Rel. uniform approximation
Rel. uniform approximation with point-like nucleus
Rel. FMT treatment for He 
Rel. FMT treatment for Fe 
FIG. 6: The electron Fermi energies EFe in the relativistic Feynman-Metropolis-Teller (FMT) treatment and in the uniform
approximation in units of the pion rest mass, are plotted as a function of the average electron density n0 = 3Ne/(4piR
3
WS) in
units of the Bohr density nBohr = 3/(4piR
3
Bohr) where RBohr = ~
2/(e2me) is the Bohr radius. The filled circles correspond to
the case of a relativistic uniform approximation with a point-like nucleus. In such a case the electron Fermi energy can reach
arbitrary large values as RWS → 0. The arrow indicates the value of the maximum electron Fermi energy as given by Eq. (37).
total energy of a Wigner-Seitz cell based on Coulomb corrections to the uniform distribution of electrons. The first
correction corresponds to the inclusion of the lattice energy EC = −(9N2pα)/(10RWS), which results from the point-
like nucleus-electron interaction and, from the electron-electron interaction inside the cell of radius Rws. The second
correction is given by a series-expansion of the electron Fermi energy about the average electron density ne given by
Eq. (35) the uniform approximation ne = 3Z/(4πR
3
ws). The electron density is then assumed equals to ne[1 + ǫ(r)]
with ǫ(r) considered as infinitesimal. The Coulomb potential energy is assumed to be the one of the point-like nucleus
with the uniform distribution of electrons of density ne given by, thus the correction given by ǫ(r) is neglected on the
Coulomb potential. The electron distribution is then calculated at first-order by expanding the relativistic electron
kinetic energy
ǫk =
√
[cPFe (r)]
2 +m2ec
4 −mec2
=
√
(3π2ne)2/3[1 + ǫ(r)]2/3 +m2ec
4 −mec2, (38)
about its value given by the uniform approximation
ǫunifk =
√
(3π2ne)2/3 +m2ec
4 −mec2 , (39)
considering as infinitesimal the ratio eV/EFe between the Coulomb potential energy eV and the electron Fermi energy
EFe =
√
[cPFe (r)]
2 +m2ec
4 −mec2 − eV .
The effect of the Dirac electron-exchange correction [19] on the equation of state was also considered by Salpeter
[14]. However, adopting the general approach of Migdal et al. [8], these effects are negligible in the relativistic regime
(see Subsec. III C ).
The inclusion of each additional Coulomb correction results in a decreasing of the pressure of the cell PS (see [15]
for details). However, despite to be very interesting in identifying piecewise contributions to the total pressure, the
validity of the Salpeter approach needs a verification by a more general treatment. For instance, the failure of the
Salpeter formulas can be seen at densities of the order of ∼ 102 − 103 g cm−3 for nuclei with large Np, as in the
case of iron, where the pressure becomes negative (see Table (I)). Therefore, the problem of solving the relativistic
Thomas-Fermi equation within the Feynman, Metropolis, Teller approach becomes a necessity, since this approach
gives all the possible Coulomb and relativistic contributions automatically and correctly.
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TABLE I: Pressure for Iron as a function of the density ρ in the uniform approximation (P ), in the Salpeter approximation
(PS) and in the relativistic Feynman-Metropolis-Teller approach (PFMTrel). Here xS = P
F
e,S/(mec), xFMTrel = P
F
e /(mec) are
respectively the normalized Salpeter Fermi momentum and the relativistic Feynmann-Metropolis-Teller Fermi momentum.
ρ xS xFMTrel P PS PFMTrel
(g/cm3) (bar) (bar) (bar)
2.63× 102 0.05 0.0400 2.9907 × 1010 −1.8800 × 108 9.9100 × 109
2.10× 103 0.10 0.0857 9.5458 × 1011 4.4590 × 1011 5.4840 × 1011
1.68× 104 0.20 0.1893 3.0227 × 1013 2.2090 × 1013 2.2971 × 1013
5.66× 104 0.30 0.2888 2.2568 × 1014 1.8456 × 1014 1.8710 × 1014
1.35× 105 0.40 0.3887 9.2964 × 1014 8.0010 × 1014 8.0790 × 1014
2.63× 105 0.50 0.4876 2.7598 × 1015 2.4400 × 1015 2.4400 × 1015
4.53× 105 0.60 0.5921 6.6536 × 1015 6.0040 × 1015 6.0678 × 1015
7.19× 105 0.70 0.6820 1.3890 × 1016 1.2693 × 1016 1.2810 × 1016
1.08× 106 0.80 0.7888 2.6097 × 1016 2.4060 × 1016 2.4442 × 1016
2.10× 106 1.00 0.9853 7.3639 × 1016 6.8647 × 1016 6.8786 × 1016
3.63× 106 1.20 1.1833 1.6902 × 1017 1.5900 × 1017 1.5900 × 1017
5.77× 106 1.40 1.3827 3.3708 × 1017 3.1844 × 1017 3.1898 × 1017
8.62× 106 1.6 1.5810 6.0754 × 1017 5.7588 × 1017 5.7620 × 1017
1.23× 107 1.80 1.7790 1.0148 × 1018 9.6522 × 1017 9.6592 × 1017
1.68× 107 2.0 1.9770 1.5981 × 1018 1.5213 × 1018 1.5182 × 1018
3.27× 107 2.50 2.4670 4.1247 × 1018 3.9375 × 1018 3.9101 × 1018
5.66× 107 3.00 2.965 8.8468 × 1018 8.4593 × 1018 8.4262 × 1018
1.35× 108 4.00 3.956 2.9013 × 1019 2.7829 × 1019 2.7764 × 1019
2.63× 108 5.00 4.939 7.2160 × 1019 6.9166 × 1019 6.9062 × 1019
8.85× 108 7.50 7.423 3.7254 × 1020 3.5700 × 1020 3.5700 × 1020
C. Relativistic FMT treatment vs. non-relativistic FMT treatment
In order to compare and contrast the Fermi energy of a compressed atom in the non-relativistic and the relativistic
limit we first express the non-relativistic equations in terms of the dimensionless variables used for the relativistic
treatment. We then have
x =
r
λpi
,
χ
r
=
eVˆ
c~
, (40)
and the non-relativistic limit of Eq. (27) becomes
d2χ(x)
dx2
=
27/2
3π
α
(
me
mpi
)3/2
χ3/2
x1/2
, (41)
with the boundary conditions
χ(0) = αNp, xWSχ(xWS)
′ = χ(xWS), (42)
and dimensionless variable xWS = RWS/λpi.
In these new variables the electron Fermi energy is given by
EFe =
χ(xWS)
xWS
mpic
2. (43)
The two treatment, the relativistic and the non-relativistic one, can be now directly compared and contrasted by
using the same units (see Fig. 7).
There are major differences:
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FIG. 7: The electron Fermi energies in units of mpic
2N
4/3
p for helium, for carbon and for iron are plotted as a function of the
ratio RWS/Rc respectively in the non-relativistic and in the relativistic Feynman-Metropolis-Teller (FMT) treatment without
the Thomas-Fermi-Dirac exchange effects. Here RWS is the radius of the Wigner-Seitz cell and Rc is the radius of the nucleus
given by Eq. (18). The relativistic treatment leads to results of the electron Fermi energy strongly dependent on the nuclear
composition and systematically smaller than the non-relativistic ones, which can attain arbitrary large values as the point-like
nucleus is approached.
1) The electron Fermi energy in the relativistic treatment is strongly dependent on the nuclear composition, while
the non-relativistic treatment presents a universal behavior in the units of Figs. 7. In the limit of low densities the
relativistic curves approach the universal non-relativistic curve.
2) The relativistic treatment leads to values of the electron Fermi energy consistently smaller than the ones of
the non-relativistic treatment.
3) While in the non-relativistic treatment the electron Fermi energy can reach, by compression, infinite values
as RWS → 0, in the relativistic treatment it reaches a perfectly finite value given by Eq. (37) attained when RWS
coincides with the nuclear radius Rc.
The universality of the electron Fermi energy with respect to the number of protons Np has been obtained by
expressing the Coulomb potential energy eV in terms of the function φ given by Eq. (4), and by introducing the scale
factor b given by (6). Accordingly, the radius of the Wigner-Seitz cell has been expressed in terms of the nucleus
radius (18) which is proportional to N
1/3
p .
It is clear then, from above considerations, the relativistic treatment of the Thomas-Fermi equation introduces
significant differences from the current approximations in the literature: a) the uniform electron distribution [22],
b) the approximate perturbative solutions departing from the uniform distribution [14] and c) the non-relativistic
treatment [16]. We have recently applied these results of the relativistic Feynman, Metropolis, Teller treatment of a
compressed atom to the study of white dwarfs and their consequences on the determination of their masses, radii and
critical mass [15].
V. APPLICATION TO NUCLEAR MATTER CORES OF STELLAR DIMENSIONS
We turn now to nuclear matter cores of stellar dimensions of A ≃ (mPlanck/mn)3 ∼ 1057 or Mcore ∼M⊙.
Following the treatment presented in Popov et al.,[13], we use the existence of scaling laws and proceed to the
ultra-relativistic limit of Eqs. (19), (26), (27), (28). For positive values of the electron Fermi energy EFe , we introduce
the new function φ = 41/3(9π)−1/3χ∆/x and the new variable xˆ = kx where k = (12/π)
1/6√
α∆−1, as well as the
variable ξ = xˆ− xˆc in order to describe better the region around the core radius.
Eq. (27) becomes
d2φˆ(ξ)
dξ2
= −θ(−ξ) + φˆ(ξ)3 , (44)
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FIG. 8: The electron Coulomb potential energies in units of the pion rest mass in a nuclear matter core of stellar dimensions
with A ≃ 1057 or Mcore ∼ M⊙ and Rc ≈ 10
6 cm, are plotted as a function of the dimensionless variable ξ, for different values
of the electron Fermi energy also in units of the pion rest mass. The solid line corresponds to the case of null electron Fermi
energy. By increasing the value of the electron Fermi energy the electron Coulomb potential energy depth is reduced.
where φˆ(ξ) = φ(ξ + xˆc) and the curvature term 2φˆ
′(ξ)/(ξ + xˆc) has been neglected.
The Coulomb potential energy is given by
eV (ξ) =
(
9π
4
)1/3
1
∆
mpic
2φˆ(ξ) − EFe , (45)
corresponding to the electric field
E(ξ) = −
(
35π
4
)1/6 √
α
∆2
m2pic
3
e~
φˆ′(ξ), (46)
and the electron number-density
ne(r) =
1
3π2~3c3
(
9π
4
)
1
∆3
(mpic
2)3φˆ3(ξ). (47)
In the core center we must have ne = np. From Eqs. (19) and (47) we than have that, for ξ = −xˆc, φˆ(−xˆc) = 1.
In order to consider a compressed nuclear density core of stellar dimensions, we then introduce a Wigner-Seitz cell
determining the outer boundary of the electron distribution which, in the new radial coordinate ξ is characterized by
ξWS . In view of the global charge neutrality of the system the electric field goes to zero at ξ = ξWS . This implies,
from Eq. (46), φˆ′(ξWS) = 0.
We now turn to the determination of the Fermi energy of the electrons in this compressed core. The function φˆ
and its first derivative φˆ′ must be continuous at the surface ξ = 0 of the nuclear density core.
This boundary-value problem can be solved analytically and indeed Eq. (44) has the first integral,
2[φˆ′(ξ)]2 =
{
φˆ4(ξ)− 4φˆ(ξ) + 3, ξ < 0,
φˆ4(ξ)− φ4(ξWS), ξ > 0, (48)
with boundary conditions at ξ = 0:
φˆ(0) =
φˆ4(ξWS) + 3
4
,
φˆ′(0) = −
√
φˆ4(0)− φˆ4(ξWS)
2
. (49)
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FIG. 9: Solutions of the ultra-relativistic Thomas-Fermi equation (44) for different values of the Wigner-Seitz cell radius RWS
and correspondingly of the electron Fermi energy in units of the pion rest mass as in Fig. 8, near the core surface. The solid
line corresponds to the case of null electron Fermi energy.
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FIG. 10: The electric field in units of the critical field for vacuum polarization Ec = m
2
ec
3/(e~) is plotted as a function of the
coordinate ξ, for different values of the electron Fermi energy in units of the pion mass. The solid line corresponds to the case
of null electron Fermi energy. To an increase of the value of the electron Fermi energy it is found a reduction of the peak of
the electric field.
Having fullfilled the continuity condition we integrate Eq. (48) obtaining for ξ ≤ 0
φˆ(ξ) = 1− 3
[
1 + 2−1/2 sinh(a−
√
3ξ)
]−1
, (50)
where the integration constant a has the value
sinh(a) =
√
2
(
11 + φˆ4(ξWS)
1− φˆ4(ξWS)
)
. (51)
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FIG. 11: The Fermi energy of electrons in units of the pion rest mass is plotted for different Wigner-Seitz cell dimensions
(i.e for different compressions) ξWS in the ultra-relativistic approximation . In the limit ξWS → 0 the electron Fermi energy
approaches asymptotically the value (EFe )max given by Eq. (62).
In the interval 0 ≤ ξ ≤ ξWS , the field φˆ(ξ) is implicitly given by
F
(
arccos
φˆ(ξWS)
φˆ(ξ)
,
1√
2
)
= φˆ(ξWS)(ξ − ξWS), (52)
where F (ϕ, k) is the elliptic function of the first kind, and F (0, k) ≡ 0. For F (ϕ, k) = u, the inverse function
ϕ = F−1(u, k) = am(u, k) is the well known Jacobi amplitude. In terms of it, we can express the solution (52) for
ξ > 0 as,
φˆ(ξ) = φˆ(ξWS)
{
cos
[
am
(
φˆ(ξWS)(ξ − ξWS), 1√
2
)]}−1
. (53)
In the present case of EFe > 0 the ultra-relativistic approximation is indeed always valid up to ξ = ξ
WS for high
compression factors, i.e. for RWS ≃ Rc. In the case EFe = 0, ξWS →∞, there is a breakdown of the ultra-relativistic
approximation when ξ → ξWS .
Details are given in Figs. 8, 9, 10.
We can now estimate two crucial quantities of the solutions: the Coulomb potential at the center of the configuration
and the electric field at the surface of the core
eV (0) ≃
(
9π
4
)1/3
1
∆
mpic
2 − EFe , (54)
Emax ≃ 2.4
√
α
∆2
(
mpi
me
)2
Ec|φˆ′(0)| , (55)
where Ec = m
2
ec
3/(e~) is the critical electric field for vacuum polarization. These functions depend on the value
φˆ(ξWS) via Eqs. (48)–(52). At the boundary ξ = ξWS , due to the global charge neutrality, both the electric field
E(ξWS) and the Coulomb potential eV (ξWS) vanish. From Eq. (45), we determine the value of φˆ(ξ) at ξ = ξWS
φˆ(ξWS) = ∆
(
4
9π
)1/3
EFe
mpic2
, (56)
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as a function of the electron Fermi energies EFe . From the above Eq. (56), one can see that there exists a solution,
characterized by the value of electron Fermi energy
(EFe )max
mpic2
=
1
∆
(
9π
4
)1/3
, (57)
such that φˆ(ξWS) = 1. From Eq. (52) and ξ = 0, we also have
ξWS(φˆ(ξWS)) =
{
1
φˆ(0)
F
[
arccos
(
4− 3
φˆ(0)
)
,
1√
2
]}
. (58)
For φˆ(ξWS) = 1, from Eq. (49) follows φˆ(0) = 1 hence Eq. (58) becomes
ξWS(φˆ(0)) = F
[
0,
1√
2
]
. (59)
It is well known that if the inverse Jacobi amplitude F [0, 1/
√
2] is zero, then
ξWS(φˆ(ξWS) = φˆ(0) = 1) = 0. (60)
Indeed from φˆ(ξWS) = 1 follows φˆ(0) = 1 and ξWS = 0. When ξWS = 0 from Eq. (49) follows φˆ′(0) = 0 and, using
Eq. (55), Emax = 0. In other words for the value of E
F
e fulfilling Eq. (56) no electric field exists on the boundary of
the core and from Eq. (47) and Eqs. (18, 19) it follows that indeed this is the solution fulfilling both global Ne = Np
and local ne = np charge neutrality. In this special case, starting from Eq. (28) and A = Np +Nn, we obtain
(EFe )
3/2
max =
9pi
4 (~c)
3 A
R3c
− (EFe )3max
23/2
[(
9pi
4 (~c)
3 A
R3c
− (EFe )3max
)2/3
+m2nc
4
]3/4 . (61)
In the ultra-relativistic approximation (EFe )
3
max/
9pi
4 (~c)
3 A
R3c
<< 1 so Eq. (61) can be approximated to
(EFe )max = 2
1/3mn
mpi
γ
[
−1 +
√
1 +
β
2γ3
]2/3
mpic
2, (62)
where
β =
9π
4
(
~
mnc
)3
A
R3c
, γ =
√
1 + β2/3. (63)
The corresponding limiting value to the Np/A ratio is obtained as follows
Np
A
=
2γ3
β
[
−1 +
√
1 +
β
2γ3
]2
. (64)
Inserting Eqs. (62), (63) in Eq. (64) one obtains the ultra-relativistic limit of Eq. (37), since the electron Fermi energy,
in view of the scaling laws introduced in [13], is independent of the value of A and depends only on the density of the
core.
The Np-independence in the limiting case of maximum electron Fermi energy attained when RWS = Rc, in which the
ultra-relativistic treatment approaches the uniform one, and the Np-dependence for smaller compressions RWS > Rc
can be understood as follows. Let see the solution to the ultra-relativistic equation (44) for small ξ > 0. Analogously to
the Feynman-Metropolis-Teller approach to the non-relativistic Thomas-Fermi equation, we solve the ultra-relativistic
equation (44) for small ξ. Expanding φˆ(ξ) about ξ = 0 in a semi convergent power series,
φˆ(ξ)
φˆ(0)
= 1 +
∞∑
n=2
anξ
n/2 (65)
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and substituting it into the ultra-relativistic equation (44), we have
∞∑
k=3
ak
k(k − 2)
4
ξ(k−4)/2 = φ2(0) exp
[
3 ln(1 +
∞∑
n=2
anξ
n/2)
]
. (66)
This leads to a recursive determination of the coefficients:
a3 = 0, a4 = φ
2(0)/2, a5 = 0, a6 = φ
2(0)a2/2, a7 = 0, a8 = φ
2(0)(1− a22)/8, · · ·, (67)
with a2 = φˆ
′(0)/φˆ(0) determined by the initial slop, namely, the boundary condition φˆ′(0) and φˆ(0) in Eq. (49):
φˆ(0) =
φˆ4(ξWS) + 3
4
, φˆ′(0) = −
√
φˆ4(0)− φˆ4(ξWS)
2
(68)
Thus the series solution (65) is uniquely determined by the boundary value φˆ(ξWS) at the Wigner-Seitz cell radius.
Now we consider the solution up to the leading orders
φˆ(ξ) = φˆ(0) + φˆ′(0)ξ +
1
2
φˆ3(0)ξ2 +
1
2
φˆ3(0)a2ξ
3 +
1
8
φˆ3(0)(1− a22)ξ4 + · · ·. (69)
Using Eq. (69), the electron Fermi energy (56) becomes
EFe = (E
F
e )max
[
1 + a2ξ
WS +
1
2
φˆ2(0)(ξWS)2 +
1
2
φˆ2(0)a2(ξ
WS)3 +
1
8
φˆ2(0)(1− a22)(ξWS)4 + · · ·
]
φˆ(0), (70)
where (EFe )max = (9π/4)
1/3∆−1 is the maximum Fermi energy which is attained when the Wigner-Seitz cell radius
equals the nucleus radius Rc (see Eq. 57). For φˆ(ξ
WS) < 1, we approximately have φˆ(0) = 3/4, φˆ′(0) = −(3/4)2/√2
and the initial slope a2 = φˆ
′(0)/φˆ(0) = −(3/4)/√2. Therefore Eq. (70) becomes
EFe ≈ (EFe )max
[
1− 3
4
√
2
ξWS +
1
2
(
3
4
)2
(ξWS)2 − 1
23/2
(
3
4
)3
(ξWS)3 +
1
8
(
3
4
)2(
41
32
)
(ξWS)4 + · · ·
]
. (71)
By the definition of the coordinate ξ, we know all terms except the first term in the square bracket depend on the
values of Np. In the limit of maximum compression when the electron Fermi energy acquires its maximum value,
namely when ξWS = 0, the electron Fermi energy (71) is the same as the one obtained from the uniform approximation
which is independent of Np. For smaller compressions, namely for ξ
WS > 0 the electron Fermi energy deviates from
the one given by the uniform approximation becoming Np-dependent.
In Fig. 11 we plot the Fermi energy of electrons, in units of the pion rest mass, as a function of the dimensionless
parameter ξWS and, as ξWS → 0, the limiting value given by Eq. (62) is clearly displayed.
In ref. [9], in order to study the electrodynamical properties of strange stars, the ultra-relativistic Thomas-Fermi
equation was numerically solved in the case of bare strange stars as well as in the case of strange stars with a crust
(see e.g. curves (a) and (b) in Fig. 6 of ref. [9]). In Fig. 6 of [9] was plotted what they called the Coulomb potential
energy, which we will denote as VAlcock. The potential VAlcock was plotted for different values of the electron Fermi
momentum at the edge of the crust. Actually, such potential VAlcock is not the Coulomb potential eV but it coincides
with our function eVˆ = eV +EFe . Namely, the potential VAlcock corresponds to the Coulomb potential shifted by the
the Fermi energy of the electrons. We then have from Eq. (45)
eVˆ (ξ) =
(
9π
4
)1/3
1
∆
mpic
2φˆ(ξ) = VAlcock. (72)
This explains why in [9], for different values of the Fermi momentum at the crust the depth of the potential VAlcock
remains unchanged. Instead, the correct behaviour of the Coulomb potential is quite different and, indeed, its depth
decreases with increasing of compression as can be seen in Fig. 8.
VI. COMPRESSIONAL ENERGY OF NUCLEAR MATTER CORES OF STELLAR DIMENSIONS
We turn now to the compressional energy of these family of compressed nuclear matter cores of stellar dimensions
each characterized by a different Fermi energy of the electrons. The kinematic energy-spectra of complete degenerate
electrons, protons and neutrons are
ǫi(p) =
√
(pc)2 +m2i c
4, p ≤ PFi , i = e, p, n. (73)
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So the compressional energy of the system is given by
E = EB + Ee + Eem , EB = Ep + En , (74)
Ei = 2
∫
i
d3rd3p
(2π~)3
ǫi(p) , i = e, p, n , Eem =
∫
E2
8π
d3r . (75)
Using the analytic solution (53) we calculate the energy difference between two systems, I and II,
∆E = E(EFe (II))− E(EFe (I)), (76)
with EFe (II) > E
F
e (I) ≥ 0, at fixed A and Rc.
We first consider the infinitesimal variation of the total energy δEtot with respect to the infinitesimal variation of
the electron Fermi energy δEFe
δE =
[
∂E
∂Np
]
VWS
[
∂Np
∂EFe
]
δEFe +
[
∂E
∂VWS
]
Np
[
∂VWS
∂EFe
]
δEFe . (77)
For the first term of this relation we have[
∂E
∂Np
]
VWS
=
[
∂Ep
∂Np
+
∂En
∂Np
+
∂Ee
∂Np
+
∂Eem
∂Np
]
VWS
≃
[
EFp − EFn + EFe +
∂Eem
∂Np
]
VWS
, (78)
where the general definition of chemical potential ∂ǫi/∂ni = ∂Ei/∂Ni is used (i = e, p, n) neglecting the mass defect
mn −mp −me. Further using the condition of the beta-equilibrium (28) we have[
∂E
∂Np
]
VWS
=
[
∂Eem
∂Np
]
VWS
. (79)
For the second term of the Eq. (77) we have[
∂E
∂VWS
]
Np
=
[
∂Ep
∂VWS
+
∂En
∂VWS
+
∂Ee
∂VWS
+
∂Eem
∂VWS
]
Np
=
[
∂Ee
∂VWS
]
Np
+
[
∂Eem
∂VWS
]
Np
, (80)
since in the process of increasing the electron Fermi energy namely, by decreasing the radius of the Wigner-Seitz cell,
the system by definition maintains the same number of baryons A and the same core radius Rc.
Now δE reads
δE =
{[
∂Ee
∂VWS
]
Np
∂VWS
∂EFe
+
[
∂Eem
∂VWS
]
Np
∂VWS
∂EFe
+
[
∂Eem
∂Np
]
VWS
∂Np
∂EFe
}
δEFe , (81)
so only the electromagnetic energy and the electron energy give non-null contributions.
From this equation it follows that
∆E = ∆Eem +∆Ee, (82)
where ∆Eem = Eem(EFe (II))− Eem(EFe (I)) and ∆Ee = Ee(EFe (II))− Ee(EFe (I)).
In the particular case in which EFe (II) = (E
F
e )max and E
F
e (I) = 0 we obtain
∆E ≃ 0.753
5/3
2
(π
4
)1/3 1
∆
√
α
( π
12
)1/6
N2/3p mpic
2, (83)
which is positive.
The compressional energy of a nuclear matter core of stellar dimensions increases with its electron Fermi energy as
expected.
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VII. CONCLUSIONS
We have generalized to the relativistic regime the classic work of Feynman, Metropolis and Teller, solving a com-
pressed atom by the Thomas-Fermi equation in a Wigner-Seitz cell.
In the relativistic generalization the equation to be integrated is the relativistic Thomas-Fermi equation, also called
the Vallarta-Rosen equation [29]. The integration of this equation does not admit any regular solution for a point-like
nucleus and both the nuclear radius and the nuclear composition have necessarily to be taken into account [5, 6].
This introduces a fundamental difference from the non-relativistic Thomas-Fermi model where a point-like nucleus
was adopted.
As in previous works [5, 6, 12] the protons in the nuclei have been assumed to be at constant density, the electron
distribution has been derived by the Thomas-Fermi relativistic equation and the neutron component has been derived
by the beta equilibrium between neutrons, protons and electrons.
We have also examined for completeness the relativistic generalization of the Thomas-Fermi-Dirac equation by
taking into due account the exchange terms [19], adopting the general approach of Migdal, Popov and Voskresenskii
[8], and shown that these effects, generally small, can be neglected in the relativistic treatment.
There are marked differences between the relativistic and the non-relativistic treatments.
The first and the most general one is that the existence of a finite size nucleus introduces necessarily a limit to the
compressibility: the dimension of the Wigner-Seitz cell can never be smaller then the nuclear size. Consequently the
electron Fermi energy which in the non-relativistic approach can reach arbitrarily large values, reaches in the present
case a perfectly finite value whose expression has been given in analytic form. There are in the literature many papers
adopting a relativistic treatment for the electrons together with a point-like approximation for the nucleus, which is
clearly inconsistent (see e.g. [23, 24]).
The second is the clear difference of the electron distribution as a function of the radius and of the nuclear composi-
tion as contrasted to the uniform approximation often adopted in the literature (see e.g.[22]) which we have explicitly
shown in the Fig. 5 of Sec. IV. Inferences based on the uniform approximation are not appropriate both in the
relativistic and in the non-relativistic regime.
The third, one of the most relevant, is that the relativistic Feynman-Metropolis-Teller treatment allows to treat
globally and in generality the electrodynamical interaction within the atom and the relativistic corrections leading to
a softening of the dependence of the electron Fermi energy on the compression factor, as well as a gradual decrease
of the exchange terms in proceeding from the non-relativistic to the fully relativistic regimes. It is then possible to
derive, as shown in Table I of Sec. IV a consistent equation of state for compressed matter which overcomes some of the
difficulties of existing treatments describing the electrodynamical effect by a sequence of approximations which have
lead to the occurrence of unphysical regimes e.g. the existence of negative pressure as in the Salpeter approach. As a
direct application of this treatment we have reconsidered the study of white dwarfs within the relativistic Feynman,
Metropolis, Teller approach and evaluate their effects on the value of the radii, of the masses of the equilibrium
configurations as well as on the numerical value of the critical mass [15]. We have there compared and contrasted the
results obtained by Chandrasekhar with a uniform approximation with the ones obtained by the equation of state of
Salpeter and the ones following from the treatment presented in this article.
We have then extrapolated these results to the case of nuclear matter cores of stellar dimensions for A ≈
(mPlanck/mn)
3 ∼ 1057 or Mcore ∼ M⊙. The aim here is to explore the possibility of obtaining for these systems
a self-consistent solution presenting global and not local charge neutrality. The results generalize the considerations
presented in the previous article corresponding to a nuclear matter core of stellar dimensions with null Fermi energy
of the electrons [13]. The ultra-relativistic approximation allows to obtain analytic expressions for the fields. The
exchange terms can in this approximation be safely neglected. An entire family of configurations exist with values of
the Fermi energy of the electrons ranging from zero to a maximum value (EFe )max which is reached when the Wigner-
Seitz cell coincides with the core radius. The configuration with EFe = (E
F
e )max corresponds to the configuration
with Np = Ne and np = ne. For this limiting value of the Fermi energy the system fulfills both the global and the
local charge neutrality and correspondingly no electrodynamical structure is present in the core. All the other config-
urations presents overcritical electric fields close to their surface. The configuration with EFe = 0 has the maximum
value of the electric field at the core surface, well above the critical value Ec (see Fig. 8, Fig. 9 and Fig. 10 of Section
V). All these cores with overcritical electric fields are stable against the vacuum polarization process due to the Pauli
blocking by the degenerate electrons [30]. We have also compared and contrasted our treatment of the relativistic
Thomas-Fermi solutions to the corresponding one addressed in the framework of strange stars [9] pointing out in these
treatments some inconsistency in the definition of the Coulomb potential.
We have finally compared the compressional energy of configurations with selected values of the electron Fermi
energy. In both systems of the compressed atoms and of the nuclear matter cores of stellar dimensions a maximum
value of the Fermi energy has been reached corresponding to the case of Wigner-Seitz cell radius RWS coincident with
the core radius Rc.
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Both problems considered, the one of a compressed atom and the one of compressed nuclear density core of stellar
dimensions, have been treated by the solution of the relativistic Thomas-Fermi equation and by enforcing the condition
of beta equilibrium. They are theoretically well defined and, in our opinion, a necessary step in order to approach the
more complex problem of a neutron star core and its interface with the neutron star crust.
Neutron stars are composed of two sharply different components: the liquid core at nuclear and/or supra-nuclear
density consisting of neutrons, protons and electrons and a crust of degenerate electrons in a lattice of nuclei [1, 37]
and possibly of free neutrons due to neutron drip when this process occurs (see e.g. [1]). Consequently, the boundary
conditions for the electrons at the surface of the neutron star core will have generally a positive value of the electron
Fermi energy in order to take into account the compressional effects of the neutron star crust on the core [44]. The
case of zero electron Fermi energy corresponds to the limiting case of absence of the crust.
In a set of interesting papers [31–36] Glendenning has relaxed the local charge neutrality condition for the description
of the mixed phases in hybrid stars. In such configurations the global charge neutrality condition, as opposed to the
local one, is applied to the limited regions where mixed phases occur while in the pure phases the local charge
neutrality condition still holds. We here generalize Glendenning’s considerations by looking to a violation of the local
charge neutrality condition on the entire configuration, still keeping its overall charge neutrality. This effect does not
occur in processes occurring just locally, but it requires the global description of the equilibrium configuration. As
exemplified in [42, 43], where gravitational effects are taken into account both in the T = 0 and T 6= 0 cases, the
local properties need the previous knowledge of the entire equilibrium configuration and therefore the description is
necessarily global.
In conclusion the analysis of compressed atoms following the relativistic Feynman, Metropolis, Teller treatment
presented in the first part of this article has important consequences in the determination of the mass-radius relation
of white dwarfs [15] leading to the possibility of a direct confrontation of these results with observations, in view of the
current great interest for the cosmological implications of the type Ia supernovae [38–41]. The results presented in the
second part of this article on nuclear matter cores of stellar dimensions evidence the possibility of having the existence
of critical electromagnetic fields in the interface of the core and the neutron star crust. The results here obtained in
a simplified but rigorous approach of the application of the relativistic Feynman, Metropolis, Teller treatment to the
constant density cores in beta equilibrium conform to the prediction of Baym, Bethe and Pethick [1]. This treatment
has been further extended to the case in which a self-gravitating system of degenerate neutrons, protons and electrons
is considered within the framework of relativistic quantum statistics and Einstein-Maxwell equations [44] and to the
case in which also strong interactions are present [45].
Acknowledgments
We thank the anonymous referee for his/her helpful comments and suggestions.
[1] G. Baym, H. A. Bethe and C. J. Pethick, Nucl. Phys. A 175, 225 (1971).
[2] P. Gomba´s, Die Statistischie Theorie des Atoms und Ihre Anwendungen (Wien: Springer-Verlag, 1949).
[3] N. H. March, Adv. Phys. 6, 1 (1957).
[4] S. Lundqvist, N. H. March Theory of the Inhomogeneous Electron Gas (New York: Plenum, 1983).
[5] J. Ferreirinho, R. Ruffini and L. Stella, Phys. Lett. B 91, 314 (1980).
[6] R. Ruffini and L. Stella, Phys. Lett. B 102, 442 (1981).
[7] A. B. Migdal, V. S. Popov and D. N. Voskresenskii, Sov. Phys. JETP Lett. 24 165 (1976).
[8] A. B. Migdal, V. S. Popov and D. N. Voskresenskii, Sov. Phys. JETP 45, 436 (1977).
[9] C. Alcock , E. Farhi and A. Olinto, Ap. J. 310, 261 (1986).
[10] V. Usov, Phys. Rev. Lett. 80, 230 (1998).
[11] M. Alford et al., Phys. Rev. D 64, 074017 (2001).
[12] R. Ruffini, M. Rotondo and S.-S. Xue, Int. J. Mod. Phys. D 16, 1 (2007).
[13] V. Popov , M. Rotondo, R. Ruffini and S.-S. Xue, submitted to Phys. Rev. C (2009), arXiv:astro-ph/0903.3727.
[14] E. E. Salpeter, Ap. J. 134 (3), 669 (1961).
[15] Jorge A. Rueda, M. Rotondo, R. Ruffini and S.-S. Xue, submitted to Phys. Rev. D (2010), arXiv:astro-ph/ .
[16] R. P. Feynman, N. Metropolis and E. Teller, Phys. Rev. 75, 1561 (1949).
[17] L. H. Thomas, Proc. Camb. Phil. Soc. 23, 542 (1927).
[18] E. Fermi, Rend. Accad. Lincei 6, 602 (1928).
[19] P. A. M. Dirac, Proc. Camb. Phil. Soc. 26, 376 (1930).
[20] F. Hund, Erg. d. exacten Natwis. 15, 189 (1936).
[21] L. D. Landau, Nature 19, 333 (1938).
22
[22] T. J. Bu¨rvenich, I. N. Mishustin and W. Greiner, Phys. Rev. C 76, 034310 (2007).
[23] G. Chabrier, A. Y. Potekhin, Phys. Rev. E 58, 4941 (1998).
[24] A. Y. Potekhin, G. Chabrier, F. J. Rogers, Phys. Rev. E 79, 016411 (2009).
[25] P. Haensel, J. L. Zdunik, Astron. Astrophys. 227, 431 (1990).
[26] P. Haensel, J. L. Zdunik, Astron. Astrophys. 229, 117 (1990).
[27] F. Douchin, P. Haensel, Astron. Astrophys. 380, 151 (2001).
[28] P. Haensel, J. L. Zdunik, Astron. Astrophys. 480, 459 (2008).
[29] M. S. Vallarta , N. Rosen, Phys. Rev. 41, 708 (1932).
[30] R. Ruffini, G. V. Vereshchagin and S.-S. Xue, Phys. Rep. 487, 1 (2010).
[31] N. K. Glendenning, Phys. Rev. D 46, 1274 (1992).
[32] N. K. Glendenning, S. Pei, Phys. Rev. C 52, 2250 (1995).
[33] M. B. Christiansen, N. K. Glendenning, Phys. Rev. C 56, 2858 (1997).
[34] N. K. Glendenning, J. Schaffner-Bielich, Phys. Rev. C 60, 25803 (1999).
[35] M. B. Christiansen, N. K. Glendenning, J. Schaffner-Bielich, Phys. Rev. C 62, 025804 (2000).
[36] N. K. Glendenning, Phys. Rep. 342, 393 (2001).
[37] B. K. Harrison et al., Gravitational theory and gravitational collapse, (Chicago: University of Chicago Press, 1965).
[38] M. Phillips, Ap. J. 413, L105 (1993).
[39] A. G. Riess et al., A. J. 116, 1009 (1998).
[40] S. Perlmutter et al., Ap. J. 517, 565 (1999).
[41] A. G. Riess et al., Ap. J. 607, 665 (2004).
[42] Jorge A. Rueda, M. Rotondo, R. Ruffini and S.-S. Xue, submitted to Phys. Rev. Lett. (2010).
[43] Jorge A. Rueda, M. Rotondo, R. Ruffini and S.-S. Xue, submitted to Phys. Rev. D (2010).
[44] Jorge A. Rueda, R. Ruffini and S.-S. Xue, Submitted to Phys. Rev. Lett., (2010), arXiv:astro-ph/0911.4627.
[45] Jorge A. Rueda, D. Pugliese, R. Ruffini and S.-S. Xue, in preparation (2010).
